


< 

o 



o 
o 



c^ 



On MF Property of Reduced Amalgamated Free 
Products of UHF Algebras 



o 

>^. Qihui Li Junhao Shen* 



May 27, 2010 



Abstract 



In this paper, we concentrate on the MF property of reduced free 
Cj . products of unital C*-algebras with amalgamation over finite dimensional 

C*-algebras. More specifically, we give a necessary and sufficient condi- 
tion for a reduced free product of two UHF algebras amalgamated over a 
C^ , finite-dimensional C*-algebra with respect to trace preserving conditional 

expectations to be MF. 



CN ■ 1 Introduction 

> 

O 



The concept of MF algebras was first introduced by Blackadar and Kirchberg in 
[4]. If a separable C*- algebra^ can be embedded into HA^nfc i'^) /J^k-^n^ (C) 

k 

'/^ ' for a sequence of positive integers {nk}^^i , then A is an MF algebra. Many 

properties of MF algebras were discussed in [1]. For example, it was shown there 
that an inductive limit of MF algebras is an MF algebra and every subalgebra 
of an MF algebra is an MF algebra. This class of C*-algebras is of interest for 
many reasons. For example, it plays an important role in the classification of 

^^ , C*-algebras and it is connected to the question whether the Ext semigroup of 

?—( ' a unital separable C*-algebra is a group. This notion is also closely connected 

to Voiculescu's topological free entropy dimension for a family of self-adjoint 
elements xi, • • • , a;„ in a unital C*-algebra A [22- 

In [23] , Voiculescu introduced a notion of reduced amalgamated free prod- 
uct of C*-algebras in the framework of his free probability theory. The free 
product construction is everywhere in the C*-literature these days, and plays 
an important role in the recent study of C*-algebras [T7], [H], [H]- In [T3], 
Haagerup and Thorbj0rnsen solved a long standing open problem by showing 
that Ext(C* {F2)) is not a group, where C* (F2) is the reduced C*-algebra of the 
free group i^2- One remarkable ingredient in their proof is their work on prov- 
ing that C* {F2) is an MF algebra. From a quick fact that (C* (F2) ,tf2) = 
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(C*(Z),Tz) *red (C** (Z) , Tz) where Tp^, tz are canonical tracial states on 
C* (F2) and C* (Z) respectively, one should naturally ask when a reduced free 
product of two unital MF algebras is MF again. Recently, it was shown in [IB] 
that a reduced free product of finite-dimensional C*-algebras with respect to 
faithful tracial states is MF. More generally, the authors proved that a reduced 
free product of unital separable AH algebras with respect to faithful tracial 
states is an MF algebra. 

In this paper, we discuss the MF property of reduced amalgamated free 
products of unital C*-algebras. We investigate the reduced amalgamated free 
products of finite-dimensional C*-algebras with respect to trace preserving con- 
ditional expectations and obtain the following results. 

Theorem 3.2 Let V C Jvli^ (C) be a unital inclusion of C*-algebras where 
P is a finite-dimensional abelian C -algebra and E : Aik (C) ^ 2? be the trace- 
preserving conditional expectation from Mk (C) onto V. Let {Mk (C) ,E) * 

{Aik (C) , E) be the reduced amalgamated free product of AAk (C) and Mk (C) 
with respect to E. Then {Mk (C) , E) * {Mk (C) , E) is an MF algebra. 

Theorem 3.4 Let TWfe (C) D yl D D C 6 C Mk (C) be unital C*-inclusions 
of finite-dimensional C*-algebras and E : Aik (C) — J- P be the trace preserving 
conditional expectation from Aik (C) onto V. Then {A, -EU) *v (S, -E|s) is MF. 

The following is the main result of the paper. 

Theorem 3.5 Suppose that Ai and A2 are two unital UHF-algebras with 
faithful tracial states t^^ and r^^ respectively. Let Ai^V C A2 be unital in- 
clusions of C*-algebras where I? is a finite-dimensional C*-algebra. Assume that 
E_A^ : Ai ^f V and Ej^^ : A2^ T> are the trace preserving conditional expecta- 
tions from Ai and A2 onto V respectively. Then the reduced amalgamated free 
product {Ai,Eai)*v{A2, Ea^) is an MF algebra if and only if r^^ (z) = r^^ (^) 
for all z&V. 

A brief overview of this paper is as follows. In Section 2, we recall the 
definitions of MF algebras and reduced amalgamated free product of unital C*- 
algebras Section 3 is devoted to results on reduced amalgamated free products 
of C*-algebras. We first show that a reduced free product of full matrix algebras 
with amalgamation over a full matrix subalgebra is MF. Later, we obtain some 
results about reduced amalgamated free products of two finite-dimensional C*- 
algebras with amalgamation over finite-dimensional C*-algebras. Finally, we 
give a necessary and sufficient condition for a reduced free product of two UHF 
algebras with amalgamated over a common finite-dimensional C*-subalgebra 
with respect to trace preserving conditional expectations to be MF. 



2 Definitions and Preliminaries 

2.1 Definition of MF Algebras 

Suppose {A^fc„(C)}^i is a sequence of complex matrix algebras. We introduce 
the C*-direct product n™=i Mk^{C) of {MkJC)}^^^ as follows: 

OO 

n MkAC) = {{Yn)^=,\Wn > 1, r„ e Xfc„(C) and \\{Y^)^^,\\ = sup ||y„|| < oo}. 

n— 1 — 

Furthermore, we can introduce a norm-closed two sided ideal in H^i ^^■^('^) 
as follows: 

J2MkAC) = {Y^)Zi e n MkJC) : lim ||y„|| = . 



Let TT be the quotient map from n„=i Mk„{C) to n„=i -Mfe„(C)/ J2 ^k„iC). 

n=l 

Then 



n-^fe"(c)/E^ 



oo 



is a unital C*-algebra. If we denote tt ((i^rO^i) ^^ [(^«)rJ' ^'^^^ 

||[(y„)j|| = iimsup||r„i|. 

Now we are ready to recall an equivalent definition of MF algebras given by 
Blackadar and Kirchberg [3]. 

Definition 2.1 (Theorem 3.2.2, J^) Let A he a separable C*-algehra. If A can 

oo 

he embedded as a C*-subalgehra o/ J^J^-^ y\4fe^ (C)/ ^ A^fe„(C) for a sequence 

n=l 

{^n}n=i oj integers, then A has MF property. 

The examples of MF algebras contain all finite dimensional C*-algebras, AF 
(approximately finite dimensional) algebras and quasidiagonal C*-algebras. In 
[13], Haagerup and Thorbj(/)rnsen showed that C* (Fn) is an MF algebra for 
n > 2. For more examples of MF algebras, we refer the reader to [3] and [TB] , 

2.2 Definition of Reduced Amalgamated Free Product of 
C*-algebras 

In this section, we will explain the KSGNS representation of unital conditional 
expectations and recall a characterization of reduced amalgamated free product 
of C*-algebras. First, we give the definition of conditional expectation as follows: 



Definition 2.2 Let V be a unital C*-subalgehra of a unital C*-algebra A. A 
projection from A onto V is a linear map E : A ^ T) such that E (d) ~ d 
for every d Q T). A conditional expectation from A onto V is a contractive 
completely positive projection E from A onto V such that E (dxd') = dE [x) d' 
for every x ^ A and d,d' ^T) (i.e. E is a V-himodule map). 

Now, we present a summary of the KSGNS representation of C*-algebras. 
Let 2? be a unital C*-algebra and let ^ be a unital C*-algebra, which contains a 
copy of I? as a unital C*-subalgebra. We also suppose that there is a conditional 
expectation E : A ^- T>^ satisfying 

ya e A with a 7^ 0, 3x e A such that E {x*a*ax) 7^ (1) . 

The conditional expectations which satisfy (1) are called non-degenerate. Let 
H — L"^ {A, E) be the right Hilbert 2?-module obtained from A by separation 
and completion with respect to the norm ||a|| — ||(a,a).^|| , where (01,02).^ = 
£'(0*02). Then the linear space C{%) of all adjointable 2?-module operators 
on T-L is actually a C*-algebra and we have a representation tt : A -^ C (H) 
defined by n (a) a' = aa' , where by a we denote the element of Ti, corresponding 
to a e ^. TT is faithful if E satisfies condition (1) . In this construction, we 
have the specified element (, ~ Ia ^ H- We call the triple (tt,?^,^) the KSGNS 
representation of {A, E). liV —C, then the Hilbert C*-module considered above 
become simply Hilbert space. 

Let / be an index set. Card(/) > 2. Let P be a unital C*-algebra, and for 
each i £ I, we have a unital C*-algebra Ai, which contains a copy of I? as a 
unital C*-subalgebra. We also suppose that, for each i G I, Ei : Ai — >■ V, is 
non-degenerate. Let {T^i,'Hi,£,i) denote the KSGNS representations of {Ai,Ei) . 
Note that each tti is faithful. The Hilbert IJ-submodule £^{D C %i is isomorphic 
to V and "H i = i, © H". Recall that A° = A n ker E, satisfies VA°V C A° and 
"H" = A°S,i is a C*-correspondence over V. We define the free product Hilbert 
D-module {n,Cj = * (^i,Ci) by 

n>l ii^---^in 

Here, SV is the trivial Hilbert D-module V with ^ = 1 and (8)u means interior 
tensor product (see Lance's book [H]). For each i G /, let 

n {i) ^^v®® e ni ®v-®D HI 

n>l i^ii^---^in 

and define an isomorphism Ui £ C {T-Li 0x) H (i) , V.) by 



. HI ^v £.v ^ n° 

^'- ^,V(g)v{Hl(E)v-<E>vHl) ni(E)v-®vHl 



We define a *-representation Xi : Ai ^ C {V.) by \i {x) — Ui (tt^ ® 1) (x) U* . 
Observe that \i\v is the canonical left action of T> on the C*-correspondence % 
over V, and hence \i\v — ^j\'D for every i and j. 

Definition 2.3 The reduced amalgamated free product {A,E) — *x> iAi,Ei) is 
the C*-subalgebra of C(T-L) generated by Uig/Ai (Ai) . 

The following lemma characterizes the reduced amalgamated free product 
of C*-algebras. It is one of the key ingredients in the proof of our main result. 

Theorem 2.1 (Theorem 7.2 ^81) Let I e V C Ai be unital C*-algebras with 
non- degenerate conditional expectations Ei from Ai onto V, and let {A, E) = 
*v{A^,E,). 

1. There is an inclusion I E D C A and a non-degenerate conditional expec- 
tation E : A^V. 

2. We have inclusions T> (- Ai ^ A which are compatible on T), and A is 
generated by UA as a C*- algebra. 

3. We have E\j[. ^ Ei for every i, and the C*-subalgebras Ai are free over T> 
in (A, E) . Namely, E (ai • • • a„) — for every Oj £ A", with i\ ^ ■ ■ ■ ^ i^. 

Moreover, the above conditions uniquely characterize the reduced amalga- 
mated free product (A, E) . 

3 Reduced Amalgamated Free Products Of Ma- 
trix Algebras 

3.1 P is a full matrix algebra 

In this subsection, we consider a reduced free product of two matrix algebras 
A and B with amalgamation over a C*-subalgebra T> when 2? is a full matrix 
algebra. The following lemma is well-known. 

Lemma 3.1 (Theorem 2.1, JlOf) Let A ^T> C_ B be unital inclusions of unital 
C*-algebras. Assume Ei : A —> T> and E2 : B ^^ T> are non- degenerate condi- 
tional expectations. Let Ai = {A, Ei)*-p {B, E2) be the reduced amalgamated free 
product of A and B with respect to Ei and E2. Suppose that there is a projection 
p G I) and there are partial isometrics vi,- ■ ■ ,w„ e "D such that v*Vi < p and 

pMp = {pAp, El \pAp) *pVp {pBp, E2\pi3p) ■ 

By emulating the argument in the proof of Lemma 2.1 in [S], we obtain the 
following result. 



Lemma 3.2 Let A be a unital C*-algehra and suppose there is a projection 
p ^ A and there are partial isometries Wi, • • • ,Vn S A such that v*Vi < p and 

n 

'^ViV* = I — p. Then A is MF if and only if pAp is MF. 

The following lemma can be found in |16j . 

Lemma 3.3 (Theorem 3.4-1, 116]) Suppose that {Ai : i — 1,- ■ ■ ,n\ is a fam- 
ily of unital separable AH (approximately homogeneous) algebras with faithful 
tracial state Ti for i G {1, • ■ • , n} . Then 

{Al,Ti) *red ■ ■ ■ *red (^n, T„) 

is an MF algebra. 

Now, we are able to obtain our first result on the reduced amalgamated free 
products of matrix algebras. 

Theorem 3.1 Suppose that k,n,m G N. IfA4k{C) can be unitally embedded 
into Ain (C) and Adm (C) as a unital C*-subalgehra respectively, then for the 
trace preserving conditional expectations Ei and E2 from A4n (C) and Mm (C) 
onto Mk (C), 

iMniC),E,)*M,(C)iMm{C),E2) 

is an MF algebra. 

Proof. Since Mk (C) can be unitally embedded into Mn (C) and Mm (C) respectively, 
by Lemma 6.6.3 in [19j . we have that 

Mn{C)^Mk{C}<E>M^{C) 

and 

Mm{C)^Mk{C)®M^iC). 

This implies that, for a one-dimensional projection p e Mk (C) , we have 

pMn {<C)p = M^ (C) and pMm {C)p^Mi^ (C) . 

Suppose Ti and T2 are the faithful tracial states onMn (C) and Mn. (C) respectively. 
Let El = idk ® ti and E2 = idk (S T2 where idk is the identity map on Mk (C) . 
Then Ei and E2 are conditional expectations from Mki'C) (^ Mn, (C) and 
Mk (C) (g) M221 (C) onto Mk (C) respectively. It is easy to check that Ei and 
E2 are trace preserving. Let 

M = {Mn {C),Ei) *MUC) (Mm (C) ,^2) . 

Since there are partial isometries wi, ■ ■ • , Vk^i G Mk (C) such that v*Vi =^ p for 
each I G {1, • • • , fc — 1} and J2iZi '^i'^i — ^MkiC) ^ Pi by Lemma [XTl we have 

pMp = {pMn{C)p,Ei\pM^(C)p) *pMk{C)p{pMm{'C)p,E2\pM,^(C)p) 

- (A^^(C),Tl)*„d(X^(C),T2) (3.1) 



Combining (3.1) with Lemma 13.31 and Lemma 13.21 we conclude that 

is an MF algebra as desired. ■ 

3.2 D is a finite-dimensional abelian C*-algebra 

More generally, we consider the case when the overlap C*-algebra P is a finite- 
dimensional C*-algebra. In this subsection we consider a reduced free product 
oi Aik (C) and A4k (C) with amalgamation over a finite-dimensional abelian C*- 
subalgebra V with respect to a trace preserving conditional expectation. The 
following lemma can be found in [4]. 

Lemma 3.4 (Proposition 3.3.6, ^) If A and B are MF algebras and one of 
them is nuclear, then A® B is MF. 

It is well-known that the full matrix algebra A^„ (C) and the reduced C*- 
algebra C* {Fn) of the free group F„ have canonical tracial states, without loss 
of generality, we denote the reduced free product of Mn (C) and C* (Fn) with 
respect to their canonical tracial states by A4„ (C) *red C* (Fn) . Similarly, the 
reduced free product of A^„ (C) and Aim (C) with respect to their tracial states 
is denoted by Mn (C) *red Mm (C) . 

For the purpose of simplicity, we will first assume that P is a two dimen- 
sional abehan C*-subalgebra of A^^ (C). Let V C M.k (C) be a two-dimensional 
abelian C*-subalgebraof A^^ (C) , i.e., there are non-zero orthogonal projections 
Pi, P2 in Xfc (C) such that 

V^<CPi®<CP2. 

Let E : AAk (C) — > I? be a trace preserving conditional expectation from 
Mk (C) onto V and {Mk {<C),E) *v {Mk i<C),E) be the reduced free prod- 
uct of {Mk (C) , E) and {Mk (C) , E) with amalgamation over V with respect 
to the conditional expectation E. By Corollary II. 6. 10. 8 |3|, E is the unique 
trace preserving conditional expectation from Mk (C) onto 23. Assume that 
fci =rank(Pi) and fc2 =rank(P2)- Consider C*-algebras C* {F2) , 

{MkAQ*redMkAC))<i^Mk{C) 

and 

{C; (F2) *red Mk, (C) ^red Mk, (C)) «. Mk (C) . 

Then, by the definition of reduced free product of C*-algebras, C* {F2)®Mk (C) and 
{Mki (C) *red Mk2 (C)) ® Mk (C) can be treated as unital C*-subalgebras of 

{C: (F2) *red Mk, (C) *red Mk, (C)) <E> Mk (C) . 



Let Ui, U2 are canonical generators of C* (i^2)- Then it is easy to see that the 
unitary 

is in 

C; (F2) ® Mk (C) C (C; (F2) *red Mk, (C) *red Mk, (C)) ® Mk (C) . 

From above notations, we can get the foUowing technical result. 

Lemma 3.5 Suppose Pi,P2 G M.k (C) are orthogonal projections from above. 
Then there is a C*-subalgehra Ai of 

{Mk, (C) *red Mk, {C^Mk (C) C (C; (F2) *red Mk, (C) *red Mk, {<C))®Mk (C) 

such that: 

1. M =Mk{<C). 

2. Mk, (C) ® Pi + Mk, (C) ® P2 c M. 

Proof. Let ti be the faithful tracial state on Mk, (C) *red Mk, (C) obtained 
from faithful tracial states on Mk, (C) and Mk, (C) , and T2 be the unique 
faithful tracial state on Mk (C). Then the state t = ti eg) T2 is a faithful 
tracial state on (Mk, (C) *red Mk, (C)) ® Mk (C) . Let {e,, j^^^ , {g^J} J-^^ 

and {/ij}j .J be systems of matrix units of Mk, (C) , Mk, (C) and Mk (C) , 
respectively. So we have 

1 fci 1 

= T(gii®P2) 

where / is the unit in Mk, (C) *red Mk, (C) . Note that Mk, (C) ® Mk (C) is 
*-isomorphic to a full matrix algebra. Thus there is a partial isometry Wi in 
Mk,{'C)®Mk (C) such that 

WiW* = en (8 Pi; T4^i*W^i = / ® /n. 

Similarly, there is a partial isometry W2 E Mk, (C) ® Mk (C) such that 

W2W^ = gn P2; 1^1*1^1 = / ® /ii. 

Let Vi = W2W1. Then Vi is a partial isometry in {Mk, (C) *red A^fca {C))i^Mk 
satisfying 

KV"i = en IS) Pi and ViV^* = gn ® P2. 



Therefore the C*-subalgebra A^ in 

{MkAQ*redMkJC))<E)MkiC) 

generated by {etj}-'^-^ ^ Pi, {5y}j^,-^i ^ P2 and Vi is *-isoniorphic to the full 
matrix algebra Aik (C). It is easy to see that 

Mk, (C) <S)Pi + Mk, (C) ® P2 c TW. 



Let C* {M, UMU*) be the C*-algebra generated by M and UMU* in 

(C; (F2) *red Mk, (C) *,ed >(fc. (C)) «> Xfe (C) . 

Since 

CI {F2)*rcdMk, iC)*redMk, (C) = C*, (Z)*„<iC; {Z)*redMk, {C)*redMk, (C) . 

we know that 

{C; {F2) *red Mk, (C) *red Mk, (Q) ® A^fe (C) 



is an MF algebra by Lemma IS^il and 1331 This implies that C* {M, UMU*) is 
an MF algebra. Notice that 

t/ (/ «) Pi) U* = UiIU* ® Pi = / Fi 

and 

U{I® P2) U* - U2IU; ® P2 = / ® P2, 

this implies that 

[/ [C (/ ® Pi) © C (/ P2)] [/* = C (/ ® Pi) ® C (/ P2) . 

Therefore C (/ ® Pi) C (/ P2) C L/Xf/*. 

Now, we consider the reduced amalgamated free product 

{Mk{C),E)*{Mk{C),E) 

of {Mk{C) ,E) and (MkiC) ,E) when 2? is a two-dimensional abelian C*- 
algebra. 

Proposition 3.1 Let T) C Mk (C) he a unital inclusion of C*-algehras where 
T) is a two-dimensional abelian C*-algebra. Suppose E : Mk (C) -^ T) is the 
trace preserving conditional expectation from Mk (C) onto D. Let U and M he 
as above, then 

C* (X, UMU*) = {Mk (C) , E) * {Mk (C) , E) . 
Therefore {Mk (C) , E) * {Mk (C) , E) is an MF algebra. 



Proof. Let ri be the faithful tracial state on C* (F2) *red-M.ki (C) ^red-M-k^ (C) 
obtained from tracial states on C* {F^) , Mki (C) and Mk2 (C) , and T2 be the 
faithful tracial state on Mk (C). Then the state r = ti (8)T2 is a faithful tracial 
state on 

[C: {F2) *red Mk, (C) *red Mk, (C)) ® Mk (C) . 

Let / be the unit in C* {F2)*redMki {C)*redMk2 (C) . It is clear that C{I (g> Pi)© 
C(/(X)P2) is isomorphic to V. Assume Mi — M and M2 = UMU*. From 
the above discussion, we have that 

C (/ «) Pi) ® C (/ ® P2) C Ml and C (/ ® Pi) © C (/ (g) P2) C M2. 

Define a linear mapping 

E : C* {Mi,M2) ^ C (/ ® Pi) ® C (/ (g) P2) 

by 

for AeC*{M, UMU*) . By the fact that 

/ ® Pi © / «) P2 

- 7 e (C; (P2) *red Mk, (C) *red Mk, (C)) ® A^fe (C) , 

it is not hard to see that _E is a trace preserving conditional expectation. The 
restrictions of E on Mi and M2, i-C, E\mi and E\m2 are trace preserving 
conditional expectations from Mi and M2 onto C (/ (g Pi) ffiC (/ €5 P2) respec- 
tively. Since Mi = Mk (C) and the trace preserving conditional expectation 
from Mk (C) onto 2? is unique, for showing C* (A^i, A^2) is *-isomorphic to 
{Mk (C) , E) *x> (Alfc (C) , ii^), we only need to show that 

^(rir2---r„) = o 

ifP, eMi^, E{Tj) =Oforanyj e {1, • • • ,n}and?i ^ h 7^ ■■■ ^ L, h,j ■ ■ Jn £ 
{1, 2} by TheoremO Suppose X^, Y, £ TUi for i G {1, • • • , n} with E {X,) = 
E (Yi) = 0. If we can show that 

E {UXiU*YiUX2U*Y2 ■ ■ ■ UX.aU*Ya) = 

for the reduced word UXiU*YiUX2U*Y2 ■ ■ ■ UX„U*Y„ mC*{Mi,M2), then, 
for the other forms of reduced word, the desired result will be followed by using 
similar arguments. Therefore we can conclude that {Mk (C) , E)*x>{Mk (C) , E) = 
C* {M, UMU*) . It follows that {Mk (C) , E) *v {Mk (C) , E) is an MF algebra. 
Suppose X, = X^l + X^^ + X^^ + X^l with 

si=l,t=l 

10 



where x^^ E M-ki (C) and Xsisi — ^n , ^s^t — if si ^ t, and 

S2—k,h—k 

S2 — fcl+l,/l — fcl + 1 

where Xs^s^ = ^22 ^ ^^2 (*^): ^is/i ^ ^ if ^2 ^ h, and 

si — A;i .S2—k 

X[^ = 5] a;« ^ ® /,,,, where a;« ^ G A^fe, (C) *„d A^fe, (C) 

as well as 

si—ki .S2 — k 
X^ = J2 ^^2^-1 ® /-^-i ^^^""^ ^&i e Alfe, (C) *red Mk, (C) . 

Similarly, suppose Y^ = Y^]^ + Y^^ + y/2^ + Y^l^ with 

where yi^k = Vil e A^fe, (C) , i/^t = if si ^ t, and 

Y^ = y« ® P2 = E ^Ih ® /s./. 

where ys^s^ == ^22 ^ Alfe^ (C), y^^,^ == if S2 7^ ^, and 

Si — /Cl ,S2— ^ 
Sl— 1,S2 — fcl+l 

as well as 

si— /ci ,S2— A; 

Sl = l,S2 = ki+l 

Note that 

(/ ® Pi) X, (/ ® Pi) = x};) , (/ ® P2) X, (/ ® P2) = x^ . 

Since i^ {Xi) ~ 0, we have 

T (x^'j^ ® Pi) == T (x^f ® Pi) = 



11 



for each i € {!,••• ,n} . Similarly, 

T (|/i\^ ® P2) = T (y^ ® P2) = 
for each i G {1, • ' ' j "•} • This implies that 

n (xW) = n (.g) = n (y«) = n (y«) = 
for each id {!,•■' j "} • Therefore 

^1 (^il^s,) - n (xW ^) = n (y« ^) ^ n (yW ^) = (3.2) 

for each si G {1, • • • , fci} and each S2 G {fci + 1, • • • ,k} . Assume 

UXiU*YiUX2U*Y2 ■ ■ ■ UX„U*Yn = An + ^22 + ^12 + ^21 
where A,j G (/ ® P^) C* {M, UMU*) {I ® Pj) for i,j G {1, 2}. Then 
All 

5: (t/i Pi) x[]l {ui ® p,0 r« . . . x(:l^^„ {ui F,J y,„i 

n,--- ,Jn-i ji,--- jne{i,2} 

(3.3) 

and 

^22 

E ((:^2 ® P2) ^g ((7*^ ® Pn ) yn^. ■ ■ ■ Xtl^,^ (Ul P,„) y,„2. 

n,--- ,Jn-i ji,--- ,jne{i,2} 

(3.4) 

So, for showing i^ (L/Xi [7*^1 C/X2?7*y2 ••• t/^« ?/*>"«) = 0, we only need to 
prove the following claims. 

Claim 3.1 For every si and every m in {1, • • • , fci}, every S2, 1 G {fci + 1, • • • , fc} 
and ii, ••• ,i„_i, ji, ••• , j„ G {1,2}, we have 



and 



Proof For word Uix^J^l^^ t^/iyi'^.i ' ' • U^^-A'!l_^s,„ Ulyi'^lm, let A: de- 
note the total number of elements in 

{xl^)^^ , • • • , x<^_^,^^ , y«,,^ , • • • , j/i7j,„ } C M,, * Mk. 
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which have non-zero traee value. If A: = 0, then each element in 
/r(i) ... t(") 1/(1) ... 7/(") 1 

has zero trace value. Since Ui and U2 are two free Haar unitaries in C* {F2) 
and 

^'^•^vasi,^ jiVsi, Si, ' ' ' ^in-l-^Si ,Si„^j„ysi„m 

is a reduced word in C* (i^2) *red (A^fci (C) *red A^fea (C)) , we have 



-1 {y^:^s,V]Ji^^,^^---U,^_^_^,^U]Jfl^^ 



= 0. 



Assume that fc = 1. Then there is an integer t such that t\ (xs- a-^ j or 
Tl (j/sjjSij ) is non-zero. From equation (3.2), we get that it-\ ^ jt or jt ^ it- 
Without loss of generality, we may assume that t\ I Vsj^si^ ) 7^ 0, 1 == j/i 7^ it = 2 

o 

and let 2/i*s2 = J/siS2 - ^i (j/siS2 ) . Therefore 



O 

It is easy to see that 

c^i2^^!.,, ^]dsU, ■ ■ ■ uty^Lu2 ■ ■ ■ u,^_,x^j:l^a^^ u;J^l^ 

and 

uixi^l,, Ky^s,, ■ ■ ■ U1U2 ■ ■ ■ t/^„_,x(^) uiy^l^ 

are reduced words in C* (F2) *red (A^fci (C) *red A^fe2 (C)). Since fc = 1, we have 
the total number of elements in each reduced word from above which belong to 
Mki * -Mki with non-zero trace is 0. It follows that 

Tl (u.xi^a^^ u^y^a^^ ■ ■ ■ u:y^Lu2 ■ ■ ■ u,^_,x^_^a^^ u-;J:^l^ 
= Tl {u.x'^l^^ u;ji^a^^ ■ • • UIU2 ■ ■ ■ t^^„-,<^,.,„ u';J:]lm) = 0. 

By a similar argument, if fc > 2, we can decompose 

^'^•^msi,^ jiysi. Si, ' ' ' ^in-l-^Si ,Si„^j„ysi„m 

J i_ ^ -^ j11 Tl — \ J Tl 'J if^ JTl 

as a sum of two reduced words in 

C: {F2) *red {Mk, (C) *red Mk, (C)) 
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such that, for each reduced word, the total number of elements in Mki * Mk^ 
with non-zero trace is A: — 1. This implies that we can decompose 

^i-'^msi, '-^ jiVsj, Si, '"'^in-l-^Si , Si„'-^ j„ysj„m 

as a sum of finitely many reduced words satisfying the condition that the total 
number of elements which belong to Aiki * A^fea ^^ the reduced word with non- 
zero trace is 0. Therefore we have that the trace value of each summand is 0. 
It implies that 

By the same argument, we conclude that 

So this complete the proof of Claim 3.1. 
Claim 3.2 If 



Tl 



\^ Ji -'J- Jl'-l '■n — 1 Jn -'"• Jn 



and 



Tl ft/a^'^ (7* yW,. •••(7,„ ,x(") ,. U* y^^\) ^ 



for each Si, m G {1, ■ • • ,ki},S2,l G {fci + 1, • • • ,k} andii^ • • • ,in-i,ji, ■ ■ ■ ,jn& 
{1,2}, then 

E {UXiU*YiUX2U*Y2 ■ ■ ■ UX.aU*Yn) = 0. 

Proof Suppose 

(t/i ® Pi) x[]l {ui ® p,0 r«, • • • {u,„-^ ® ^.„-0 x^:l^^ {ui p,J yS 
fci 

s,t=l 

in (3.3). Then 

k ki 

S2=fci + 1 si = l ji.... .j„.ii,--- .i„_ie{l,2} 

(3.5) 
for TO e {1, • • • , fci} . Since 



((t/i ® Pi) x« (LH^ ® p,0 rw . . . (t/.„_, ® p.„_0 xi:)^^.^ {ui p,„) r/;)) 
fci , 

= ^ TTI (^mm) (3.6) 



r 

fci 
fc 



m— 1 
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and 

for each si,m G {1, • ■ • ,ki}, S2 G {fci + 1, • • • ,k} and ii, • ■ • ,in-i,ji, ■ ■ ■ ,jn & 
{1, 2} , from dS^l) and dSU, we get 

r ((c/i ^ Pi) xgl (c;;^ ® p, J i;.« • • • ^i!^u„ (^I ® ^^0 ^^"-^i) = » 

Similarly, we can get that 

T ((t/2 ® P2) x(]j ([7;^ ® p,,) y,,,, . • . xf:')^^,^ {ui ® p,„) y,„2) - 

for zi_ • • • ,z„_i, ji_ • • • ,j„ e {li2}. It follows that r (An) = t (^122) = 0. Note 
that 

£ (C/XiC/*yiC/X2C/*r2 • • ■ UXnU*Y,,) = V ,^^^, (r (Au) I^P^), 

therefore 

£; ([/XiC/*YiC/X2t/*r2 • • • ux.jj*Y^) = o 

in C; (P2) *.ed {Mk, (C) *,ed A^fe, (C)). 

Then, from the above argument, we conclude that {M.k (C) , E) * {M.k (C) , E) 
is an MF algebra.. ■ 

Although Proposition 3.1 is stated for a two-dimensional abelian C*-subalgebra, 
similar result holds for each finite-dimensional abelian C*-subalgebra by using 
a similar argument. We state this as a Theorem 

Theorem 3.2 Let V C M.]^ (C) he a unital inclusion of C*-algebras where T> 
is a finite- dimensional abelian C*-algebra. Then, for the trace preserving con- 
ditional expectation E : A4k (C) — ?• V, the reduced amalgamated free product 

{Mk (C) , E) * {Mk (C) , E) of {Mk (C) , E) and {Mk (C) , E) with respect to E 

is an MF algebra. 

Sketch of the proof We might assume that there are mutually orthogonal 
projections Pi, • • • ,Pn in Aik (C) such that 

V=CPi®CP2®---®CPn. 

Let ki =rank(Pi) for 1 < i < n. Consider the unital C*-algebra: 

{C; (P„) *red Mk, (C) *red ' ' " *red Mk„ (C)) ® Mk (C) . 

Let Ui,- ■ ■ ,Un be the canonical generators of C* (P„) and 

U = Ui>S>Pi-\ h [/„ ® P„ 
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be a unitary in 

C;(F„)®A4fe(C) 

C (C; (F„) *,ed Xfci (C) *red " ' " *red Mk^ (C)) ® Xfc (C) . 

Similar argument in Lemma [5751 shows that there is a unital C*-subalgebra A4 

of {Mk, (C) *^ed • • • *red Mk„ (C)) (g) A^fc (C) such that M ^ Xfc (C) and 

Mk, (C) ® Pi + ■ • • © Xfe„ (C) (g) P„ C 7W 

as well as 

C (/ (g) Pi) ® • • • © C (/ ® P„) c [/A^C/*. 

Let C* {M, UMU*) be a unital C*-subalgebra generated by M and UMU* in 
(C; (P„) *„d A^fei (C) *,ed • • • *red Mk^ (C)) ® TWfe (C) . Then C* {M, UMU*) 
is an MF algebra. Similar argument as Proposition 13.11 shows that 



C* {M, UMU*) ^ {Mk (C) , E) * {Mk (C) , E) . 

This induces that {MkiC) ,E) * {Mk{C) ,E) is also an MF algebra, which 
completes our proof. ■ 



3.3 P is a finite-dimensional C*-algebra 

Now, we are ready to consider the case when 2? is a finite-dimensional C*- 
algebra. 

Theorem 3.3 Let T> C Mk (C) be a unital inclusion of C*-algebras where V 
is a finite- dimensional C -algebra and E : Mk (C) -^ D be the trace preserving 
conditional expectation from Mk (C) onto V. Then (Mk (C) , E)*x>{Mk (C) , E) 
is MF. 

Proof. Suppose V = Mki (€)©•••© Mkt (C) with fci + \- kt = k and 

Pi^ • • • ,Pt are central projections of T) with J2i=i Pi ^ I ^ Mk (C) . Let pi 
be a minimal projection in PiV for each i £ {1, ■ ■ ■ ,t} . Then PiDpi = Cpi. 
Assume p = J2i=iPij it follows that pVp is a finite-dimensional abelian C*- 
algebra. Note that there are partial isometrics wi, • • • , w„ G 2? with v*Vi < p 
and J27=i '^'•'''^i ^ 1 ~P where n = maxjfci, • • ■ , kt\ — 1. So, by Lemma [3. II and 
Lemma |3.2[ it is sufficient to show that 



{pMk (C)p, E\pMk('C)p) *pvp {pMk (C)p, E\pMkic)p) 
is an MF algebra. By Theorem 13.21 it is easy to see that 

{pMk{'C)p,E\pM^{c)p) *pvp {pMk{'C)p,E\pM^{c)p) 

is MF, so is {Mk (C) , E) *v {Mk (C) ,E). u 

It is not hard to extend the previous theorem to a reduced amalgamated free 
product of two finite-dimensional C*-algebras. 
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Theorem 3.4 Let Mk {C) D A^V CBC Mt (C) be unital C*-inclusions of 
finite-dimensional C*-algebras and E : Mk (C) -^ V be the trace preserving 
conditional expectation. Then {A,E\j() *x> {13,E\b) is MF. 

Proof. From the definition of reduced amalgamated free product of C*-algebras, 
we have the following C*-inclusion 

{A, EU) *v {B, E\b) C {Mk (C) , E) *v {Mk (C) , E) . 

So {A, E\a) *v (B, EIb) is an MF algebra. ■ 

Now we are ready to prove our main result in the paper. 

Let C(Xi,...,X„) be the set of all noncommutative polynomials in the 
indeterminants Xi , . . . , X„ . Then we let 

C(Xi, X2, • • ■ ) - U^^iC(Xi, X2, • ■ • X„). 

The following theorem give a necessary and sufficient condition such that a 
reduced free product of two UHF algebras with amalgamation over a finite- 
dimensional C*-algebra is MF. 

Theorem 3.5 Suppose that Ai and A2 are two unital UHF-algebras with the 
faithful tracial states r^^ and r^^ respectively. Let Ai 3 D C A2 be unital inclu- 
sions of C*-algebras where V is a finite- dimensional C*-algebra. Assume that 
Eai '. Ai ^ T) and Ej(^ : A2^ V are the trace preserving conditional expecta- 
tions onto T). Then the reduced amalgamated free product (Ai , E^i ) *x> (-^2 , ^^2 ) 
is an MF algebra if and only if tj^ {z) — r^^ i^) foi" o-H z ^T>. 

Proof. From the fact that every MF algebra has a tracial state and Ai^ 
A2 have unique tracial states, one direction of the proof is obvious. Suppose 
Ai=\J^^^Mn, (C) and A=U^iX,„, (C) where {7W„, (C)}^^i and {X„„ {'C)}Zi 
are increasing sequences of full matrix algebras. Since 2? is a finite-dimensional 
C*-algebra, without loss of generality, we may assume that there is an integer 
io such that, for Vt > io, we have V C A4„, (C) and V C M^^ (C) . From the 
equation r^ (z) ~ rg (z) for all z G 2?, there is an integer s such that Mm (C) 
and Mmt (C) can be both unital embedded into Ms (C) satisfying 

Ms (C) D Mn, (C) D 2? C M,n, (C) C Ms (C) . 

Therefore, by Theorem 13.41 we have that 

{Mn, (C) ,^^,U„JC)) *V {Mm, (C) ,^^J^„^(C)) 

is an MF algebra. 

Suppose {xi, X2,- ■ ■ , zi, ■ • • z/j} is a family of self-adjoint generators of ^1 with 
ll^^ill = W^jW = I7 {yi,y2,- ■ ■ zi,- ■ ■ , Zh} is a family of self-adjoint generators of 
A2 with \\yi\\ = IJZjIJ = 1 for aU i G N and j £ {1, ■ • • ,h} where {zi, ■ • • , z^} 
is a family of self-adjoint generators of T>. For any e > and any r e N with a 
family of noncommutative polynomials Pi, ■ ■ ■ , Pr in 

C{Xi,---Xr,Yi,---Yr,Zi,--- ,Zh), 
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there is a integer t > ta with 

Ti,- • ■ ,T, e A^^- (C) C {Mn, iC),EA,\Mr.,(C)) *v (X™, (C) ,ii;^J>,„^(c)) , 

5i, • ■ • ,5, e X^-;- (C) c {Mn, {C),EaAm„,{c)) *v {M„,, (C) ,EaJm^jc)) 
and 

Ki,--- ,KheVC {Mn, (C) , Ea, \m^,{c)) *v {M„,, (C) , Ea, \M^,iC)) 

such that, for 1 < j < r, 

|||Pj (xi,--- ,Xr,yi,--- ,yr,zi,--- ,zh)\\ - \\Pj (Ti,--- ,r,.,5'i,--- ,Sr,Ki,--- ,Kh)\\\ 

< \\Pj {Xi,--- ,Xr,yi,--- ,yr,Zi,--- ,Zh) - Pj {Ti,--- ,Tr,Si,--- ,Sr,Ki,--- ,Kh)\\ 

< e/2 
where 

P,iT,,--- ,Tr,Si,--- ,Sr,K,,--- ,Kh)e{MnAC),EAAM„AQ)*T^{^rnAC),EAAM^^iC))- 

Since {Mm (Q ,EAAM„,(C))*v{M,nt {Q ,Ea2\m^,(c)) is MF, there is a pos- 
itive integer k and self-adjoint matrices Ai,- ■ ■ ,Ar,Bi,--- ,Br,Ci,- ■ ■ ,Ct G 
M'^- (C) such that, for aU 1 < j < r, 

|||Pj(Ai,...,A„Si,...,B„Ci,---,C'^)||-||Pj(ri,---,r„5i,---,^,,Xi,--- ,Kh)\\\<e/2. 

This impUcs that 

IIJPj (Xi,--- ,Xr,yi,--- ,yr,Zi,--- ,Z,i)|| - ||Pj (^i,--- ,Ar,Bi,--- ,Br,Ci,--- ,C;i)||| < £. 

Then, by Lemma 2.4.1 in [Tg, {Ai,Ea^) *v iA2,EA2) is MF. ■ 

We end this subsection with a result on the reduced C*-algebra of an amal- 
gamated free product group of two finite groups. First, we need the following 
lemma. 

Lemma 3.6 Suppose that A D H <Z B are fnite groups satisfying [A : H] > 3 
and [B : H] > 2. Let A *h B be the amalgamated free product of groups A and 
B over H . Then A *h B is not amenable. 

Proof. By Corollary 4.10 of [6], we know that 

So (C (A .H B)) = (l - \A\-') + (i \B\-')-(l \H\-') = l+(\H\-' \A\-' \B\-') 

where 5q is the Voiculescu's (microstate) modifed free entropy dimension and 
\A\ , \B\ and \H\ are the cardinalities of groups A, B and H respectively. Note 
that 

\H\-'-\A\-'-\B\-' = \H\-' (l -^ - ^^—^ > \H\-' (l-l-l]>0. 
V [A:H][B -.H]) " ' ' V 3 2/ 

Hence ^o {^[A*h B]) > 1. By Corollary 6.8 in [18], we know that A *h B is 
not an amenable group. ■ 

Applying preceding Theorem and Lemma, we obtain the following corollary. 
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Corollary 3.1 Suppose that A Z) H C B are fnite groups and A *h B is the 

amalgamated free product of groups A and B over H . Then C* {A *h B) is an 
MF algebra. If futher [A:H]>'i and [B ■.H]> 2, then Ext {C* {A *h B)) , the 
Billmore-Douglus- Fillmore extension semigroup, is not a group. 

Proof. Note that 

C; {A *H B) - {C; {A) , Ea) *c;iH) (C; (B) , Eb) 

where Ea and Eb are canonical trace preserving conditional expectations from 
C* [A) onto C* (H) , and from C; (B) onto C* (H) respectively (see [S]). Now 
it follows from Theorem 13.51 that C* {A *h B) is an MF algebra. Moreover, if 
[A : H] > 3 and [B : H] > 2, by Lemma |3^ we get that A*hB is not amenable, 
whence C* {A *h B) is not a quasidiagonal C* -algebra. Recall a well-known 
fact that if a unital C -algebra £ is an MF algebra but not a quasidiagonal 
C* -algebra, then Ext(f) is not a group. Therefore, Ext(C* (A ^^ B)), the 
Billmore-Douglus-Fillmore extension semigroup, is not a group. 
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